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We predict a universal echo phenomenon present in the time evolution of many-body states
of interacting quantum systems described by Fermi-Hubbard models. It consists of the coherent
revival of transition probabilities echoing a sudden flip of the spins that, contrary to its single-
particle (Hahn) version, is not dephased by interactions or spin-orbit coupling. The many-body
spin echo signal has a universal shape independent of the interaction strength, and an amplitude
and sign depending only on combinatorial relations between the number of particles and the number
of applied spin flips. Our analytical predictions, based on semiclassical interfering amplitudes in Fock
space associated with chaotic mean-field solutions, are tested against extensive numerical simulations
confirming that the coherent origin of the echo lies in the existence of anti-unitary symmetries.
Echoes such as the spin (or Hahn-) [1], mesoscopic [2],
Loschmidt echo [3] and plasma wave echo [4] as well as
time reversal focusing [5] are among the fascinating quan-
tum interference effects that have quickly become an im-
portant tool to characterize quantum coherence, stabil-
ity of quantum dynamics, Anderson localization and the
transition to classical behavior in quantum systems [6–
11]. Echo phenomena also provide a way to gather in-
formation about many-body systems. Variations of the
basic setup, the echo signal of a single degree of freedom
coupled to a many-body system like a spin chain [12–
14] or of many atoms in an optical dipole trap [15], are
subject of present studies and can be used for measur-
ing correlation functions and localization in many-body
systems [16, 17].
As most of the research on echo phenomena has focused
on single-particle observables of many-body systems, in-
teractions, acting as a coupling of a given particle with
an external bath defined by the rest of the degrees of
freedom, typically dephase the respective signals. Also,
time-reversal symmetry breaking (crucial in the Hahn
echo procedure) leads to dephasing of coherent effects like
backscattering. It is therefore desirable to generate spin
precession by an effective magnetic field which does not
break time-reversal invariance as in systems with spin-
orbit coupling (SOC) [18, 19]. These ideas entered the
cold-atoms community thanks to the realization of SOC
in these systems, for which the spins can be macroscop-
ically aligned [20] and individually arranged on purpose
[21–23]. While these advances allow to model coherent
effects in spintronic devices using optical lattices [24], one
deals now with interacting systems where many-body ef-
fects beyond mean field approaches must be considered.
In this work we address the interplay between spin echo
phenomena and many-body interference. Our main re-
sult is the prediction of a Many-Body Spin Echo (MBSE)
effect akin to the Hahn echo but characteristic of interact-
ing fermionic many-body systems with SOC and in the
absence of magnetic fields. In contrast to single-particle
echoes, inter-particle interactions – as integral part of the
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FIG. 1. Protocol of the many-body spin echo. A many-body
initial Fock state (bottom line) evolves under the Hamiltonian
Hˆ, Eq. (3), describing both orbital and spin dynamics and
the presence of interactions. At time tF , when the system is
generally in a superposition of Fock states, part of the spins
are flipped through the spin flip operator Aˆ in Eq. (1). After
further propagation for a time t′ = tF + τ the occupations at
each site are projectively measured (top line).
many-body dynamics – are not a source of decoherence of
the MBSE signal. In the non-perturbative regime where
SOC and hopping compete with the interaction terms,
the MBSE signal takes a universal form. Our semiclassi-
cal approach in terms of interfering paths in Fock space
enables us to identify the coherent mechanism responsible
for the MBSE as the constructive interference between
amplitudes associated with classical mean-field solutions
related by anti-unitary symmetries, and to provide an-
alytical results for the amplitude and width of the echo
signal. Its observation is in reach of state of the art ex-
periments with fermionic cold atoms [21–23].
The setup of the MBSE is sketched in Fig. 1. We
consider a system of N itinerant interacting fermions
on a lattice of L sites in the presence of SOC. Ini-
tially, the system is prepared in a Fock state |n〉 =
|n1↑, n1↓, . . . , nL↑, nL↓〉, where ni↑(↓) ∈ {0, 1} denotes the
occupation number with spin up (down) at the ith site.
After the system has evolved for some time tF , the spins
of the particles atM ≤ L sites [25] are suddenly reversed
2through the spin flip operator Aˆ =
∏M
l=1 Aˆl with [26]
Aˆl =
(
1− nˆl,↑
) (
1− nˆl,↓
)
+nˆl,↑nˆl,↓+cˆ
†
l,↑cˆl,↓+cˆ
†
l,↓cˆl,↑. (1)
The system is then further propagated for a time t′ =
tF + τ and the probability to obtain the occupations n
′,
P (n′,n; τ) =
∣∣∣〈n′ ∣∣∣ e− i~ Hˆ(tF+τ)Aˆe− i~ HˆtF ∣∣∣n〉∣∣∣2 , (2)
is measured as a function of the time mismatch τ . Here,
the many-body Hamiltonian for a Fermi-Hubbard ring
with on-site energies ǫl, interactions U and nearest-
neighbor hopping κσσ′ is
Hˆ =
∑
l=1,L
[
ǫl
(
cˆ†l↑cˆl↑ + cˆ
†
l↓cˆl↓
)
+ Ucˆ†l↑cˆ
†
l↓cˆl↓cˆl↑
]
+
L−1∑
l=1
∑
σ,σ′
κσσ′
(
cˆ†lσ cˆl+1σ′ + cˆ
†
l+1σ cˆlσ′
)
.
(3)
The term κσσ′ represents spatially homogeneous SOC,
κ↑,↓ = κ
∗
↓,↑ = αe
iϕ, and hopping κσ,σ = J .
We denote by P (Xn,n; τ) the average (over random
energies ǫl) of the probability P in Eq. (2) to measure
n
′ = Xn after the total propagation time tF+t
′ = 2tF+τ .
For |n′〉 = |n〉, one has X = id = diag(12, . . . ,12) with
12 the 2 × 2 unit matrix, while for the final state being
the spin inverse of the initial state, |n′〉 = |Tn〉, one has
X = T = diag(σx, . . . ,σx) with σx the x-Pauli matrix.
Our analytical predictions of the key features of P are
shown in Fig. 2 together with their numerical confirma-
tion. They support our claim about the existence of a
(robust, non-perturbative and universal) coherent echo
mechanism due to many-body quantum interference.
In the following we explain how the analytical results
for P that follow from Eqs. (16,18, and 20), and are de-
picted in Fig. 2, are obtained within the semiclassical
approximation for the microscopic path integral propa-
gator of discrete fermionic quantum fields derived in [27].
There, the classical limit (in the sense of N ≫ 1) was
shown to be a Hamiltonian theory for a classical, com-
plex multicomponent field ψ = (ψ1↑, ψ1↓, . . . , ψL↑, ψL↓)
with dynamics generated by Hamilton’s equations
i~
d
ds
ψ(s) =
∂HMF (ψ
∗,ψ)
∂ψ∗
, (4)
in terms of the classical (mean-field like) Hamiltonian
HMF [27] (whose explicit form will not be relevant in the
following), and supplemented with boundary conditions
at initial (s = 0) and final time (s = t),
|ψi↑(↓)(s = 0)|
2 = ni↑(↓), |ψi↑(↓)(s = t)|
2 = n′i↑(↓). (5)
Equations (4,5) admit a discrete set of solutions ψγ(s)
indexed by γ, and the field propagator is approximated
by a coherent sum over interfering amplitudes [27]〈
n
′
∣∣∣ e− i~ Hˆt ∣∣∣n〉 ≃ ∑
γ:n→n′
Aγe
i
~
Rγ . (6)
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FIG. 2. Many-body spin echo in a Fermi-Hubbard system. a)
Average P of the probability P in Eq. (2) to obtain the final
Fock state |n′〉 = |Xn〉 following the protocol in Fig. 1. We
show P for X = id,T corresponding to the final measurement
of the initial occupations |n〉 (id), of their image under spin
flip (T) as well as for two other final states that are uncorre-
lated with |n〉. Coherent effects for X = id,T before spin flip
(t ≤ tF) are lost after application of the spin-flip operator Aˆ at
time tF and further propagation exp[−iHˆ(tF+τ )/~]. At τ = 0
and for X = id,T, however, the probability echoes the initial
state with an enhancement not present for other final states, a
consequence of Eq. (20) here numerically confirmed for N = 7
particles in L = 8 sites and real SOC (κ↑,↓ = κ
∗
↓,↑ = αe
iϕ with
ϕ = 0 in Eq. (3)). b) According to Eqs. (18,19) the contrast
(peak/background ratio of P ) has a universal dependence on
N , L, number of sitesM where the spins are flipped at t = tF,
and ϕ as symmetry parameter in Eq. (10). Panels c) and d)
show the dependence of the contrast on M for X = id and
X = T when ϕ = π/4. For the simulations we consider a
Fermi-Hubbard ring with N = 7, L = 8, α = J/5, U = J and
ǫl ∈ [0, 2J ] in Eq. (3). We use |n〉 = | ↑, ↓, 0, ↑↓, ↓, 0, ↓, ↑〉 and
tF = 25~/J but the results do not depend on these choices.
In Eq. (6) the classical actions Rγ =∫ t
0
ds
[
~θ · I˙−HMF (ψ
∗,ψ)
]
and the semiclassical
amplitudes Aγ depend both on the mean-field solutions
ψjσ(s) =
√
Ijσ(s)e
iθjσ(s) (see Ref. [27] for details). Since
Eq. (4) generically displays chaotic behavior [28], the
BGS conjecture of quantum chaos predicts the emer-
gence of universal signatures of quantum interference
[29] strengthened by averages respecting the symmetries
of Hˆ in Eq. (3). Equations (2,6) make such interferences
(between many-body amplitudes) explicit through a
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FIG. 3. Leading order contributions (γ,Xγ) to the averaged
many-body probability, Eq. (7), where either X = T Sϕ and
X = id or X = T and X = T. (a) Diagonal approximation,
(b) echo contribution, (c) quantum correction to background.
coherent four-fold sum over mean-field solutions (paths)
P (n′,n; τ) ≈ (7)∑
m,m′
∑
γ1:n→m
γ3:n→m
′
∑
γ2:F
(M)
m→n′
γ4:F
(M)
m
′→n′
Aγ1Aγ2A
∗
γ3A
∗
γ4 exp
[
i∆γ3γ4γ1γ2
]
,
with combined action differences
∆γ3γ4γ1γ2 = (Rγ1 +Rγ2 −Rγ3 −Rγ4)/~. (8)
The action of the spin inversion operator Aˆ is incorpo-
rated in the boundary conditions of the mean-field so-
lutions by multiplying the intermediate occupation vec-
tors m and m′ by the 2L × 2L block-diagonal spin-
flip matrix F(M) = diag(f1, . . . , fM , fM+1, . . . , fL) with
fi=1,...,M = σx and fi=M+1,...,L = 12.
Large action differences ∆γ3γ4γ1γ2 ∝ N ≫ 1 in the expo-
nentials of Eq. (7) give rise to fast oscillations, which gen-
erally cancel out upon average unless there are classical
correlations between pairs of actions, determined solely
by the anti-unitary symmetries of the Hamiltonian (3).
From all the possibilities (γ, γ′) of pairing, however, some
require conditions on both intermediate occupations m
and m′, and thus yield negligible contributions. Neglect-
ing furthermore so-called loop contributions [30–34], to
get a correlated pair (γ,Xγ) one can pair each trajectory
γ with itself, with its time reverse T γ,(
ψ
(T γ)
↑ (t)
ψ
(T γ)
↓ (t)
)
=


(
ψ
(γ)
↓
)∗
(tγ − t)
−
(
ψ
(γ)
↑
)∗
(tγ − t)

 , (9)
or with the time reverse T Sϕγ of its spin-reversed Sϕγ,(
ψ
(Sϕγ)
↑ (t)
ψ
(Sϕγ)
↓ (t)
)
=
(
ψ
(γ)
↓ (t)e
−iϕ
−ψ
(γ)
↑ (t)e
iϕ
)
, (10)
where ψ
(γ)
↑/↓ is the vector containing all spin-up/spin-
down components of the mean-field solution γ. As shown
in Fig. 3 the resulting sets of correlated actions giv-
ing the leading order to the average probability P are
(i) γ3 = γ1 and γ4 = γ2 (panel (a)), (ii) γ4 = T γ1 and
γ3 = T γ2 (panel (b) for intermediate occupations with
m 6= F(M)m and panel (c) else), and (iii) γ4 = T Sϕγ1
and γ3 = T Sϕγ2 (again panel (b) for intermediate oc-
cupations with m 6= F(M)m and panel (c) else). The
pairing (i), also known as diagonal approximation [35],
obviously requires m′ = m and yields the classical, inco-
herent (∆γ1γ2γ1γ2 = 0) contribution
P cl (n
′,n; τ) =
∑
m
pcl(n
′,F(M)m; tF + τ)pcl(m,n; tF )
(11)
meaning that the two propagation steps before and after
the spin-flip are independent. In Eq. (11), pcl(m,n; t)
is the averaged classical probability to obtain a set of
occupations m after evolving the classical phase space
distribution representing n for a time t under mean-field
dynamics [27], as explicitely done for bosons in [36].
Quantum interference effects manifest themselves in
deviations from this classical background. They are en-
coded in the echo signal PechoM,X , conveniently defined as
PechoM,X (n; τ) :=
P (Xn,n; τ)
P cl (Xn,n; τ)
. (12)
The crosswise pairings (ii) and (iii) giving the coher-
ent contributions, require that either the difference be-
tween the two propagation times is very small, τ ∼ 0,
(Fig. 3(b)) giving rise to the echo peak, or that the
spin flips do not change the intermediate occupations,
i.e. m = F(M)m (Fig. 3(c)), which will describe the rem-
nants of the usual transition probabilities without the
spin-flips [37]. In this latter case, the sum is dominated
by pairs of trajectories γ1, γ2 joining smoothly, such that
when pairing (ii) γ4 = T γ1 and γ3 = T γ2 results in
∆γ3γ4γ1γ2 ≃ π~
∑L
l=1(nl↑ − nl↓) and (iii) γ4 = T Sϕγ1 while
γ3 = T Sϕγ2 results in ∆γ3γ4γ1γ2 ≃ 0. For ergodic classical
transition probabilities pcl, the echo probability for τ ≁ 0
is then given by the ratio
N
(0)
e
N
=
min(M,⌊N2 ⌋)∑
k=0
(
M
k
)(
2 (L−M)
N − 2k
)/(
2L
N
)
(13)
between the number N
(0)
e of states m with the sites
1, . . . ,M either empty or doubly occupied, and the to-
tal number N of states (⌊x⌋ denotes integer part of x).
For τ ∼ 0, on the other hand, the contribution (ii)
requires that m′ = TF(M)m and, more importantly,
n
′ = Tn, where T = F(L) is the matrix corresponding
to full spin flip M = L. Since the sum (8) of the action
differences, obtained by noticing that each pair of trajec-
tory has the same energy and plugging in the relations
4between them into the kinetic part of the action,
∆T γ1T γ2γ1γ2 = π
L∑
l=1
[
nl↓ − nl↑ +ml↑ −
(
F
(M)
m
)
l↑
]
(14)
is an integer multiple of π, each term in the sum over in-
termediate occupations contributes with a negative sign
if the number of particles in the last L−M states is odd,
and with a positive sign otherwise. Defining ηe(o) = 0(1),
Ne/o =
⌊N2 ⌋∑
k=0
(
2(L−M)
2k + ηe/o
)(
2M
N − 2k − ηe/o
)
(15)
gives the number of possible occupations with an even (e)
and odd (o) number of particles in the L−M states for
which the spins are not flipped, and the echo probability,
Eq. (12), for X = T takes the form [38]
PechoM,T (n; τ) = 1 +
{
Ne−No
N , τ = 0,
(−1)NN (0)e
N
, τ ≁ 0.
(16)
Finally, since contribution (iii) requires m′ = F(M)m
and n′ = n, the corresponding sum of action differences
can be evaluated in terms of the SOC phase ϕ as
∆T Sϕγ1T Sϕγ2γ1γ2 = 2ϕ
L∑
l=1
[
ml↓ −
(
F
(M)
m
)
l↓
]
. (17)
As shown in [38], this contribution gives
PechoM,id (n; τ) = 1 +
{
f(N,M ;ϕ)
N , τ = 0
N (0)e
N
, τ ≁ 0,
(18)
where the function
f(N,M ;ϕ) =
N∑
k↑=0
N−k↑∑
k↓=0
(
M
k↑
)(
M
k↓
)(
2L− 2M
N − k↑ − k↓
)
eiϕ(k↓−k↑)
(19)
is given by a sum over the number k↑(↓) of spin-up(-down)
particles in the flipped states. We note that the particle-
hole symmetry of our results is guaranteed by the invari-
ance of PechoM,X under the replacement of the number of
particles N by the number of holes 2L−N .
Our Eqs. (16) and (18) imply that the probabilities to
measure the initial state or its spin-flipped counterpart
display in most cases a peak or a dip well localized around
τ = 0, the MBSE, and together with Eq. (19) constitute
the main result of this paper.
For the comparison of Eqs. (16) and (18) against nu-
merical simulations in Fig. 2, the peak/background ratio
is calculated as Pecho(τ = 0)/Pecho(τ ≁ 0). In particu-
lar, for the case M = L,ϕ = 0 shown in Fig. 2(a) the
evaluation of N
(0)
e , Ne and No yields,
PechoL,X=id,T (n, τ)
∣∣
ϕ=0
=


2, τ = 0
1, τ ≁ 0 (N odd)(
L
N
2
)
/
(
2L
N
)
, τ ≁ 0 (N even),
(20)
in line with the results of the numerical simulation. The
highly non-trivial (and universal) dependence of PechoM,id
with ϕ that follows from Eqs. (18, 19) is depicted in
Fig. 2b) for selected values M = 1, 4, 8, and shows a re-
markable agreement against the numerical simulations.
This agreement is also seen in the detailed dependence
of the echo peak on the number of sites M for X = id,
Fig. 2c), and X = T, Fig. 2d), for ϕ = π/4 [39].
Finally, in order to estimate the τ -dependence of the
echo signals we expand the actions in Eq. (7) to first order
in time around τ = 0 and use the relation between the
action and the conserved energy along classical trajec-
tories ∂Rγ(t)/∂t = −HMF
(
ψ∗γ(t),ψγ(t)
)
:= −E(Iγ , θγ).
Using standard ergodic methods we obtain [38]
P (ii,iii) (n′,n; τ)
P (ii,iii) (n′,n; 0)
=
∣∣∣∣
∫ 2pi
0
e
i
~
E(n′,θ)τ d
2Lθ
(2π)2L
∣∣∣∣
2
(21)
for the coherent contributions (ii) and (iii). Although
this result suffers from an ambiguity [41] in the definition
of the mean-field Hamiltonian HMF [27], two generic fea-
tures of the MBSE width ∆τ that follow from Eq. (21) for
0
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FIG. 4. Echo peak profiles, defined as the τ -dependence of
P , for X = id (upper panels) and X = T (lower panels) for
various values of the interaction strength U at α = J/5 (left)
and of the spin-orbit coupling α at U = J (right). The insets
show the fitted peak widths ∆τ [40] for X = id (”+” symbols)
and X = T (”×” symbols) as a function of U at α = J/5 (left
inset) and as a function of α at U = J (right inset). While
the peak width is fairly independent of U within the wide
parameter range where the mean-field dynamics is expected to
be chaotic, it is found to scale as τ ∼ (J+α)−1 [≃ 1/max(J, α)
if J ≪ α or J ≫ α] with J and α, in agreement with the
semiclassical prediction from Eq. (21).
5the Hamiltonian in Eq. (3) are that it decays roughly as
1/Max(α, J) and that it is independent of the interaction
strength U [38]. As shown in Fig. 4, the numerical simu-
lations show indeed these two features, confirming their
universality as predicted by the semiclasical approach.
In conclusion, we have predicted the existence of a
quantum coherent effect that lifts the Hahn echo into
the realm of interacting quantum systems. The many-
body spin echo is a collective effect observable at the level
of many-body dynamics where, due to quantum interfer-
ence, the system echoes either its initial or its spin-flipped
state after a sudden flip of the spins. Using a semiclas-
sical approach based on interfering paths in Fock space,
we show the relation between the many-body spin echo
and anti-unitary symmetries, and predict that its signal
has a universal dependence on few microscopic parame-
ters if the classical mean field dynamics display chaotic
behavior. This non-perturbative, chaotic regime where
interactions, hopping and spin-orbit coupling are of simi-
lar strength is within reach of experimental realization
using fermionic cold atoms. As all our analytical re-
sults show perfect agreement against extensive numerical
simulations, the many-body spin echo offers the possibil-
ity to quantify many-body coherence in systems modeled
by Fermi-Hubbard Hamiltonians, while establishing the
long-sought connection between chaotic mean-field dy-
namics and universal coherent effects for fermionic fields.
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DIMENSION OF THE HILBERT SPACE
The dimension of the Hilbert space for N spin- 12 par-
ticles on L sites is determined by the number N of all
possible occupations with no two particles with the same
spin in the same site. This number is obtained by count-
ing the number of possibilities to put N indistinguishable
spin- 12 particles on L sites with at most one particle per
site, or equivalently to choose N different sites out of
2L (the factor 2 accounts for the two possible choices
for the spin) to put a particle on it without taking into
account their order. This corresponds to an urn prob-
lem where from an urn with 2L balls, N balls are drawn
without putting them back and without considering the
order, in which they are drawn. This standard problem
in statistics has the well known solution of
(
2L
N
)
possibil-
ities. Thus there are
N =
(
2L
N
)
(S1)
possible occupations, which is also the dimension of the
Hilbert space.
DERIVATION OF EQ. (13)
In order to compute the number N
(0)
e of possible oc-
cupations with the sites 1, . . . ,M empty or doubly oc-
cupied, consider first the possibilities to have k of these
M sites doubly occupied and the remaining M − k sites
empty, i.e. to choose k out of M sites to be doubly oc-
cupied. This gives, in the same way as before,
(
M
k
)
pos-
sibilities. However, for each of those, there are
(
2(L−M)
N−2k
)
possibilities to distribute the remaining N − 2k spin- 12
particles to the remaining L−M sites, such that the to-
tal number of possible occupations with k out of the M
flipped sites being doubly occupied and the remaining
M − k being empty is given by
(
M
k
)(
2(L−M)
N−2k
)
. Finally,
one has to sum over all possible values of k yielding
N (0)e =
min(M,⌊N2 ⌋)∑
k=0
(
M
k
)(
2(L−M)
N − 2k
)
. (S2)
DERIVATION OF EQS. (15) AND (16)
The number of possibilities to distribute k particles
onto the L−M sites, for which the spins are not flipped
intermediately, is given by
(
2(L−M)
k
)
. For each of these
possibilities there are
(
2M
N−k
)
possibilities to put the re-
maining N −k particles onto the M sites, which are sub-
ject to the spin flip. Thus, for fixed k, the number of
possible occupations with k particles on the L−M sites,
which are not affected by the intermediate spin flip is
given by
Nk =
(
2(L−M)
k
)(
2M
N − k
)
. (S3)
From this, the number Ne of possible occupations with
an even number of particles in the L−M sites, for which
the spins are not flipped intermediately, is obtained by
simply summing Nk over all possible even values of k,
Ne =
∑
k even
Nk =
⌊N2 ⌋∑
k=0
(
2(L−M)
2k
)(
2M
N − 2k
)
. (S4)
In the same way, the number No of possible occupations
with an odd number of particles in the L −M sites, for
which the spins are not flipped intermediately, is obtained
by summing Nk over all possible odd values of k,
No =
∑
k odd
Nk =
⌈N2 ⌉∑
k=1
(
2(L−M)
2k − 1
)(
2M
N − 2k + 1
)
. (S5)
These quantities can now be used in order to evaluate
PechoM,T (n; τ = 0) =
1 +
∑
m
pcl
(
Tn,F(M)m; t
)
pcl (m,n; t)
Pcl (Tn,n; τ)
exp
{
iπ
L∑
l=1
[
nl↓ − nl↑ +ml↑ −
(
B
(M)
m
)
l↑
]}
(S6)
Assuming that pcl(n,m) is independent of n and m,
i.e. pcl = N , and using the conservation of particles im-
2plying
L∑
l=1
[
nl↓ − nl↑ +ml↑ −
(
F
(M)
m
)
l↑
]
=N −
L∑
l=1
2nl↑ +
M∑
l=1
(ml↑ −ml↓)−
L∑
l=M+1
(ml↓ −ml↓)
=N −
L∑
l=1
2nl↑ −
L∑
l=1
ml↓ +
M∑
l=1
ml↑ +
L∑
l=M+1
ml↓
=2
(
M∑
l=1
ml↑ +
L∑
l=1
nl↑
)
+
L∑
l=M+1
(ml↑ +ml↓)
(S7)
yields
PechoM,T (n; τ = 0) =1 +
1
N
∑
m
(−1)
L∑
l=M+1
(ml↑+ml↓)
=1 +
Ne −No
N
(S8)
DERIVATION OF EQ. (18)
For X = id, the MBSE probability at τ = 0 is given
by
PechoM,id(n; τ = 0) = 1 +
∑
m
f(N,M ;ϕ)
N
(S9)
with
f(N,M ;ϕ) =
∑
m
exp
[
2iϕ
M∑
l=1
(ml↓ −ml↑)
]
, (S10)
which can be expressed in terms of the numbers k↑ =∑M
l=1ml↑ of spin-up and k↓ =
∑M
l=1ml↓ of spin-down
particles in the flipped sites as
f(N,M ;ϕ) =
N∑
k↑=0
N−k↑∑
k↓=0
Nk↑,k↓ exp [2iϕ (k↓ − k↑)] .
(S11)
Here,
Nk↑,k↓ =
∑
m
δ M∑
l=1
ml↑,k↑
δ M∑
l=1
ml↓,k↓
(S12)
is the number of possible occupations with k↑ spin-up
and k↓ spni-down particles in the flipped sites and can
again be obtained from standard combinatorics.
First of all there are
(
M
k↑
)
and
(
M
k↓
)
possiblities to dis-
tribute the k↑ spin-up and k↓ spin-down particles, re-
spectively, to the M sites, for which the spins are flipped
intermediately. Then, N −k↑−k↓ particles are left to be
distributed on L−M sites with two possibilities for the
spin, which gives
(
2(L−M)
N−k↑−k↓
)
possibilities. Thus, in total
Nk↑,k↓ =
(
M
k↑
)(
M
k↓
)(
2(L−M)
N − k↑ − k↓
)
. (S13)
DERIVATION OF EQ. (21)
Contrary to the peak heights, that are only determined
by the symmetries of the system and therefore indepen-
dent of the details of the mean-field Hamiltonian HMF,
the calculation of the peak widths is sensitive to some
more specific functional form of HMF. Nevertheless, the
qualitative and some quantitative features of the peak
widths can be obtained even without the precise knowl-
edge of the classical Hamiltonian, as long as the interac-
tion term is of the density-density form, as in Eq. (3).
The starting point is again Eq. (7). First, we note that
the diagonal pairing gives a contribution that is fully in-
dependent of the mismatch τ . Second, that in all pair-
ings that give non-vanishing contributions to the transi-
tion probability, shown in Fig. 3, all trajectories involved
have either n or Xn as final and/or initial configuration.
For simplicity we will focus on X = id, the other cases
are easily calculated following the same idea.
For a given pair (γ, γ′) of correlated trajectories, the
action difference ∆ = Rγ −Rγ′ comes from two sources.
A mismatch ∆n of the initial/final configurations gives
rise to the action differences shown in the main text. A
second contribution ∆t to the action differences comes
from a mismatch τ of the propagation times and it is
given by
∆t = Rγ¯(t)−Rγ¯(t
′) (S14)
where γ¯ is a reference trajectory with initial and final
configurations given by the average of the initial and fi-
nal configurations of γ, γ′. As usual, for large time dif-
ferences the action difference will lead under averaging
to large cancellations of oscillating functions. Only the
neighborhood t ≃ t′ matters then, and the expansion
∆t ≃
∂Rγ¯(t)
∂t
τ +O(τ2),with τ = t− t′ (S15)
is justified. Now we use a well known property of the
classical action function
∂Rγ¯(t)
∂t
= −Eγ(t) (S16)
giving the numerical value of the mechanical energy as a
function of the initial/final configurations and the prop-
agation time t. With this we get the contributions to
Eq. (7) from the pairings (ii) and (iii), respectively, to be
given by
P (ii,iii)(τ) =
∑
m,m′
∑
γ,γ′
fm,m′ |Aγ |
2|Aγ′ |
2e
i∆γ
γ′
× eiEγ(n,m,t)τ/~e−iEγ′(m
′,n,t)τ/~, (S17)
3where the function fγ,γ
′
m,m′ accounts for the different pos-
sible action differences ∆, as explained in the main text.
We will use now the fact that the classical, mean-field
dynamics is assumed to be chaotic. First, the sums over
trajectories in Eq. (S17) can be rewritten as phase space
averages by means of the exact identity
∑
γ(n,m,t)
F (m)|Aγ |
2 ∝
∫ 2pi
0
dθF (m(n, θ, t), (S18)
such that the full expression for P (τ) is then given by a
classical correlation function between phase space func-
tions f and exp(i(E −E′)τ/~). Since in chaotic systems
correlation functions 〈F (0)G(t)〉 display a fast exponen-
tial decay to their unconnected value 〈F 〉〈G〉 and these
can be evaluated at the final or initial phase space points,
we obtain finally Eq. (21) of the main text,
P (ii,iii) (n′,n; τ)
P (ii,iii) (n′,n; 0)
=
∣∣∣∣
∫ 2pi
0
e
i
~
E(n′,θ)τ d
2Lθ
(2π)2L
∣∣∣∣
2
. (S19)
UNIVERSAL FEATURES OF THE ECHO
WIDTHS
In general, the explicit evaluation of the echo widths
from Eq. (S19) requires the explicit form of the mean-field
Hamiltonian. Further progress can be made by making
explicit the complex conjugation that define the modulus
squared to see that the whole dependence of the widths
is given by double phase space averages of the function
e
i
~ (H(n
′,θ)−H(n′,θ′))τ . (S20)
Therefore, for Hamiltonians where the interaction is of
the density-density form and the dynamics is chaotic,
the difference H(n′, θ) − H(n′, θ′) is fully independent
of the interaction strength and the echo widths are then
insensitive to U . This surprising result is fully confirmed
by the simulations presented in Fig. 4 of the main text.
The dependence of the widths with the other micro-
scopic parameters appearing in the hopping part of the
Hamiltonian, J and α, can be estimated as follows. Once
the interaction part of the Hamiltonian is canceled, each
angular variable θl in Eq. (S19) appears only in the terms
connecting the site l with neighborhood sites. The ex-
plicit form of the integrand depends on the initial state,
but each angular integration will in average contribute to
the total width with a factor
1
2π
∫ 2pi
0
e
i
~
J(α)τ cos θdθ = J0(J(α)τ/~) (S21)
where J0(x) is the zeroth order Bessel function. The
width is then estimated by looking for the value of τ
where the first zero of the product of Bessel functions
appears. This will happen for τ ∼ 1/Max(J, α), and
gives the prediction of the width scaling roughly with
the inverse of the maximum between the hopping J and
spin-orbit coupling α. This prediction is also confirmed
by the simulations shown in the main text.
